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1. Sec. 6.1 Q21

21. Let A be an n x n matrix. Define
1 1
Ay ==-(A+A%) and Ay =—(A—-A").
2 21
(a) Prove that A} = Ay, A5 = Ay, and A = Ay +iAz. Would it be
reasonable to define A; and A, to be the real and imaginary parts,
respectively, of the matrix A7
(b) Let A be an n X n matrix. Prove that the representation in (a) is

unique. That is, prove that if A = B; 4 ¢Bg, where Bf = B; and
B; B BQ, then B1 S A1 and BQ =S AQ.
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2. Sec. 6.2 Q14

14. Let W7 and W5 be subspaces of a finite-dimensional inner product space.
Prove that (W1 +Ws)+ = Wi NWy and (Wi NW3)+ = Wi +W5. (See
the definition of the sum of subsets of a vector space on page 22.) Hint
for the second equation: Apply Exercise 13(c) to the first equation.
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3. Sec. 6.2 Q23

23. Let V be the vector space defined in Example 5 of Section 1.2, the
space of all sequences o in F (where F' = R or F' = (') such that
o(n) # 0 for only finitely many positive integers n. For o, u € V, we

define (o, p) = z o(n)u(n). Since all but a finite number of terms of
n=1
the series are zero, the series converges.

(a) Prove that (-, +) is an inner product on V, and hence V is an inner
product space.

(b) For each positive integer n, let e, be the sequence defined by
en(k) = Opk, where 0, is the Kronecker delta. Prove that
{e1,e2,...} is an orthonormal basis for V.

(c) Let o, =€ +e, and W =span({o,,: n > 2}.

(i) Prove that e; ¢ W, so W # V.
(ii) Prove that W+ = {0}, and conclude that W # (W+)=.

Thus the assumption in Exercise 13(c) that W is finite-dimensional
is essential.
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4. Sec. 6.3 Q9

9. Prove that if V. = W @ W+ and T is the projection on W along W+,

then T = T*. Hint: Recall that N(T) = W, (For definitions, see the
exercises of Sections 1.3 and 2.1.)
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5. Sec. 6.3 Q14

14. Let V be an inner product space, and let y,z € V. Define T: V — V by

T(z) = (x,y)z for all x € V. First prove that T is linear. Then show
that T* exists, and find an explicit expression for it.
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